Math 142 — 005/006 Midterm 1 Solutions Fall 2021
Problem 1 Find the following integrals.

(a) /4x3—2$2+x—1 dx

. 4 2.4 1,
Solution: z* — 3% + g% +C
1
(b) /em+2z+—+\/5dx
x
Solution: ¢ + — +1|y+2%+0
olution: e n(2) nlz|+ gz

(c) /sin(@) + cos(f) + tan() + sec(d) db
Solution: — cos(#) + sin(f) + In |sec(0)| 4 In |sec(#) + tan(0)| + C

(d) / S 2(t) + sec(t) tan(t) dt

sec sec(t) tan
1+2 VI B
Solution: arctan(t) 4 arcsin(t) + tan(t) + sec(t) + C
Problem 2 Find the following integrals.
6
r

(a) / ype dr

Solution: Using the substitution v = 4 + r” with du = 7r% dr we find:
r 1 (1 1 1 -
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(b) / sin(2z) do

Solution: We use integration by parts with u = z, du = dz, v = —1 cos(2z), and dv = sin(2z) dz. Thus:

/ vsin(2z) dz = (z) (—%cos@x)) _ / (—%cos(m) dz

1
= —g cos(2x) + 5 /cos(2$) dx

(% Sin(Zx)) e

sin(2z) + C

= —g cos(2z) +

1
2
1

= —g cos(2x) + 1

(c) /COS(Q)?SHI(@) db

Solution: Using the substitution u = sin(f) with du = cos(#)df we find:

0)25®) g 2U 2 C 2 C
/cos( ) —/ U = n(2) +C = n(2) +

Problem 3 Find the following integrals.

(a) / e’ dx
Solution: We apply integration by parts twice. First, with u = 2%, du = 2x dx, v = €® and dv = e® dx:
/:L'Qez dx = (z%)(e”) — /6362% dx
= 2% cos(x) — 2/wem dx

then with u = x, du = dx, v = €” and dv = € dx:

= g2e” — Q/xe:” dzx
= z2e* — 2 (xew — /ex dx>

=z’ —2(ze" — ")+ C
=(2? - 20 +2)e" +C
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u—+1
b
) [
Solution: We use the substitution ¢t = v — 3 with du = dt. Note that v =t 4+ 3. Thus:

u+1 (t+3)+1

T T

(c) /tanZ(G) sec*(0) df

Solution: First, we use the identity sec?(f) = tan?(0) + 1 to rewrite the integrand:

/tan2(6') sect(6) df = /tanz(e)(taHQ(Q) + 1) sec?(9) do

Now we use the substitution u = tan(f) with du = sec?(6) db:

/ tan(6) (tan2(8) + 1) sec?(8) df — / (1 4+ u?) du

:/u2—|—u4 du

1 1
:§u3+5u5+0

1 1
=3 tan®(6) + s tan®(0) + C

Problem 4 Find
' / Vi 4:1:2

Solution: We build a right triangle with adjacent 3, opposite 2x, and hypotenuse V422 + 9. Note:

42249

tan(f) = 2% sec’(6) df = ; dr sec(f) = 5
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thus
r = gtan(Q) dx = gsec2(8) df V4z? 49 = 3sec().

We apply this substitution:
1 3

1
e de= | —Zsec?(0) dO
/\/4m2+9 . /3560(9)288C (9)
1
zﬁ/sec(ﬁ) do
1
:§ln\sec(9)+tan(9)]+0
1 422 +9 2
S 1O P N e
5 1o 3 + 5 +C

Problem 5 Find the following integrals.

(@/Milw

Solution: We apply integration by parts. Since 4z? — 1 = (22 — 1)(2x + 1) we want to find A, B so that

1 A N B
422 -1 22 —1 2x+1

Putting both sides over a common denominator we want
1=A2z+1)+B(2zx—1)=(2A+2B)x+ (A — B).

Thus we obtain the system 24 4+ 2B =0, A — B = 1, which has solution A = 3, B = —31. Thus

1 1 1 1 1 1 1
_ 1 1 22— 1 — =2z +1
/4&—1d$ 2/gx—1dx 2/2x+1¢t g Pl = g Re 41+ C
U 4 dx
@)/:3 2
0 °or —

Solution: This is an improper integral since the integrand has a vertical asymptote at z = % Breaking
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it up we have
/1 4 dx _/3 4 dx +/1 4 dx
0o 3x—2 Jo 31 —2 2 3r—2
. " 4 dx . L' 4 dx
= | lm + | lim
b2~ Jo 3r — 2 a2 Ja 3x — 2

4 ’ 4 '
= lim |-In[3z —2|| + lim |-In|3z — 2]
2- |3 2+ |3

b—% 0 a—

3 a

4 4 4 4
= lirzn_ §ln\3b — 2| — gln]3(0) — 2|+ gln\?)(l) —2|— 11I£1+ gln\?)a —2|.

b—% a—%

Since limba%— 3 In |3b — 2| does not exist, the integral diverges.

Problem 6 Determine a value for each of the following or, if they do not have values, then show that they
diverge or do not exist.

3 — 4n?
lim ——M
(2) el 3n?24+2n—1
Solution:
N Lk LN ) B o 0—4 4
lim X 1 :hmﬁ:hm—:__
n—oo 3n2 4+ 2n — 1 (m) n—>r><>3—{—m—m n—soo3+0—0 3

: (1
(b) nh_)n;onsm (5)

Solution: Note that lim,,_,., sin (%) = sin(0) = 0. Thus we have an indeterminate form oo x 0. We need

to rearrange so that I’'Hopital’s rule applies.
1 sin (%
lim nsin (—) = lim #
n—oo n n—o00 -

evaluates to the indeterminate form 0/0, which is a quotient so we can apply 'Hopital’s rule. Our limit

becomes . )
lim w = lim cos (l> =cos(0) =1

n—o0 — = n—oo n
n

©3 2 ;nzn
n=1
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Solution: Applying the rules for sigma notation we obtain

S5 (56)) - (50))

n=1 n=1 n=1

The geometric series formula starting at n =1 is

provided that |r| < 1. Observe that % and % both have absolute values less than 1 so these are convergent
geometric series. Thus our series is
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