Math 142 — 001/002 Midterm 3 Solutions

Spring 2022

Problem 1 For each of the following functions:
e write down the Maclaurin series using ¥ notation, and
e write down the radius of convergence.

(You do not need to justify your answers.)

(a)

[e.e]
. x" :
Solution: e* = Z — has radius of convergence oo
“—~ nl
(b) sin(x)
o n 2n+1
Solution: sin(z Z on 1] has radius of convergence oo
n
n=0

(c) cos(x)
) > (_1)nx2n .
Solution: cos(z) = Z ———— has radius of convergence oo
(d) tan'(z)

0 —1)ngp2ntl
Solution: tan~'(z) = Z % has radius of convergence 1
n
=0

3

Problem 2 Determine the interval of convergence for the power series

(e}

20 — 3)"
Z( - )"

Solution:
We apply the root test:

T 20-3 20— 3]
= lim ————— =

— i =
P m dm T 11

n—o0

3n

= |2z — 3|.
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Thus the series converges when |2z — 3| < 1, diverges when |2z — 3| > 1, and the test is conclusive when
|22 — 3| = 1. Solving |22 — 3| < 1 yields —1 < 2z — 3 < 1 then 2 < 2z < 4 then 1 < z < 2. Thus, we need
to determine the convergence at x = 1 and x = 2.

When z = 1, the original series becomes

L (2(1) = 3)"  1x(—=1)"
SR L

n=1 n=1

This is a constant multiple of the alternating harmonic series, so the series converges when x = 1.
When x = 2, the original series becomes

i(2(2)—3)n1i1"1 1
—— 3n _3n=1 n _3n:1n‘

This is a constant multiple of the harmonic series, so the series diverges when =z = 2.
Thus the integral of convergence is [1,2).

Problem 3 The power series

o0

f(x):Zx":1+x+x2+x3+x4+x5+---
n=0
% 2 3 4 5

B (=1)ra™ W @ g
o@) =D =Tty o

n=1

converge for —1 < x < 1 (you don’t need to show this). Find the first 4 non-zero terms of the following
power series:

(a) f(x) +9g(z)

Solution:

f(:C)—i—g(w):(1+x+x2+£3+x4+$5+---)+(—x+%—%—i—%—%—i—---)
1 1 1
:(1+0)—|—(1—1)x+(1+§)m2+(1—g)x3+(1+1)x4---

3 2 )
:14’51’2—'—5%34‘1%44‘“‘

o (%)
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Solution:
x3 x3 23\ 2 23\? 23\ *
)l =1 il hl hll il
()= () (5) +(3) +(5) +
1 1 1
:1—|—§x3+1w6+§x9+---
(c) g'(x)
Solution:
() d +x2 7t x5+
r)=—|— —_———t— — —
9 dz 2 371 5
_ 1 2¢  3x? 42 bt
N 2 3 4 5
=—l4+z—a2>+2°+
(d)u/.g(y)dy
0
Solution:

Problem 4 Determine the Taylor polynomial of order 3 generated by the function \/z at x = %.

Solution: We find

n | fM@) | ()
0 2 %
1| Lz 1
2| —lpi| -2
3] 3273 | 12
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Thus, our Taylor polynomial is:

Problem 5 Find the following:

. x —sin(z)
@ty "5

Solution:

:rd + x5
. x—sinfx) . TT\F¥F 7% Tiw
li s = lim 2 3
=0  x3e $—>0x3(1+x+%+%—|—---)
$3 Is
N
— 1im — 6120

(b) i ()

Solution:
We apply the geometric series formula:
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n32n
(c) Z —
Solution:
0 n 72n n32n
Recall that cos(z Z , which converges for all x. Thus Z >—> = cos(3)

Problem 6 Use the Taylor polynomial of order 3 generated by /1 + x at x = 0 to estimate

1
/ V14222 do .
0

Solution:
The Taylor polynomial of order 3 generated by v/1+ z at = 0 is given by

Thus

L d
=/1+x—2x +2x T
1 ]!
[m—i— —z? ——x +ﬁx
14 1__ 1 210+70—21—|—15 274 137
3 10 14 210 T 210 105
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